Let τ be a topology on the finite set X n . We consider the open polynomial associated with the topology τ . Its coefficients are the cardinality of open sets of size j = 0, . . . , n. J. Brown [4] asked when this polynomial has only real zeros. We prove that this polynomial has real zeros, only in the trivial case where τ is the discrete topology. Then, we weaken Brown's question: for which topology this polynomial is log-concave, or at least unimodal? A partial answer is given. Precisely, we prove that if the topology has a large number of open sets, then its open polynomial is unimodal.
Introduction
Let X = X n be an n-element set. A topology τ ⊆ P(X) on a set X is just a family of subsets (called open sets) containing X, φ, and is closed under union and finite intersection. A base or a basis for τ is subset of τ , such that each open set is a union of members of the basis. We need the following definitions in finite topologies. 
Definition 1.2.
A partition π = (A 1 , A 2 , ..., A l ) of the finite set X n is called of type (α 1 , α 2 , . . . , α l ) if it contains α i subsets of cardinality i, (note that i iα i = n ).
A partition topology is given in the following definition Definition 1.3. A partition topology τ on X, is a topology that is induced by a partition of X.
For example the topology τ = {φ, {a, b}, {c, d}, {e}, {a, b , c, d}, {a, b , e}, {c, d , e}, X} on X = {a, b , c, d, e} is induced by the partition π = ({a, b}, {c, d}, {e}). In general the union of two topologies on a set is not a topology. But, there is a kind of union to remedy to this lack: the disjoint union topology Definition 1.4. Let X, Y be two topological spaces, such that X Y = φ. The disjoint union topology on Z = X Y , is defined by τ = U such that U ∈ τ X or U ∈ τ Y or U = U X U Y When the space X is finite, and is a disjoint union of two spaces Y 1 and Y 2 , then its topology τ satisfies |τ | = |τ Y 1 | · |τ Y 2 |. This result will be helpful for us in the next sections. Let τ be a topology on X n . Let us designate by u j the number of open sets in τ having cardinality j, and consider the polynomial P (x) = n j=0 u j x j , called the open set polynomial of τ .
J. Brown [4] raised the following question:
When are all of the roots of an open set polynomial real?
In the next section, we answer this question by showing that the only case where this happens is for the discrete topology. Before doing this, we recall some facts about polynomials and log-concave sequences.
A real positive sequence (a j ) n j=0 is said to be unimodal , if there exist integers k 0 , k 1 , k 0 ≤ k 1 ,( integers k 0 ≤ j ≤ k 1 are the modes of the sequence) such that a 0 ≤ a 1 ≤ . . . ≤ a k 0 = a k 0 +1 = . . . = a k 1 ≥ a k 1 +1 ≥ . . . ≥ a n .
It is log-concave if a 2 j ≥ a j−1 a j+1 , for 1 ≤ j ≤ n − 1. A real sequence (a i ) is said to be with no internal zeros (NIZ), if i < j, a i = 0, a j = 0 then a l = 0 for every l, i ≤ l ≤ j. A (NIZ) log-concave sequence is obviously unimodal, but the converse is not true. The sequence 1, 1, 4, 5, 4, 2,1 is unimodal but not log-concave. Note the importance of (NIZ): the sequence 0, 1, 0, 0, 2, 1 is logconcave but not unimodal. A real polynomial is unimodal (log-concave, symmetric, respectively) provided that the sequence of its coefficients is unimodal (log-concave, symmetric, respectively). If inequalities in the log-concavity definition are strict, then the sequence is called strictly logconcave (SLC for short), and in this case, it has at most two consecutive modes. The following result may be helpful in proving unimodality:
a j x j associated with the sequence (a j ) n j=0 has only real zeros then a
When dealing with sequences, we manipulate their sum, product,... etc. So, we may ask about the preservation of these properties. Recall that the convolution product of the sequences (a j ) n j=0
and (b j ) n j=0 is just the sequence (c j ), such that c k = i+j=k a j b i . It is known that the convolution of two log-concave sequence is a log-concave one, but the convolution of two unimodal sequence is not necessarily unimodal. However, we need the following result Theorem 1.6. The convolution two log-concave sequences is a log-concave sequence. The convolution of a unimodal and a log-concave sequence is a unimodal one.
Since we are concerned by real polynomials with positive coefficients, recall the simple facts: 1-If there is a j = 0 for a ceratin j, 1 ≤ j ≤ n − 1 then the polynomial can not have all its zeros real. 2-If the inequalities (1,1) fail for a ceratin j, 1 ≤ j ≤ n − 1, then the roots of the polynomial can not be all real.
2
The roots of the open polynomial are not real
Our first result is the u j x j has only real zeros if and only if τ is the discrete topology on X n .
Proof. If the topology is discrete on X n , then n j=0 u j x j = (1 + x) n . Now, suppose that there exist a topology τ , such that its open polynomial has only real zeros. Note the following facts:
3) All the u i must be = 0, otherwise the polynomial could not have all its zeros real. Now, since the polynomial has only real zeros, its coefficients satisfy Newton inequalities (1.1), which may be written,
By induction, we deduce
Remembering that u 0 = u n = 1, we obtain
But, we also have
The u k are integers, it follows that u 1 = u n−1 = n. This means that the topology is the discrete one.
Remark 2.2. In the proof of the last theorem, if we suppose just that the polynomial satisfies inequalities (1.1), we reach the same conclusion, that is; the topology is the discrete one. This means that log-concave open polynomials are rare, or equivalently, almost the only log-concave open set polynomial is that one associated with the discrete topology.
The following result illustrates the previous remark. u j x j satisfies u 2 j ≥ du j+1 u j−1 for d > 1, and τ is not the discrete topology on X n , then d < n 2 n−1 .
Proof. The inequalities may be written,
Because u 0 = u n = 1, and n ≥ a 1 , a n−1 , it yields d n−1 ≤ n 2 , or equivalently
This means that if n is large enough, the only log-concave open set polynomial is that of the discrete topology. 
The following lemma is obvious but important Lemma 2.5. If τ is a topology on X n , then so is τ c = {U c / U ∈ τ }, called the cotopology of τ .
It may happen that τ = τ c . For example, let X 4 = {a, b, c, d} and τ = {φ, {a, b}, {c, d}, X 4 }, then τ = τ c . We may ask for which topology this is true. The next lemma characterizes topologies with this property Lemma 2.6. Let τ be a topology on X n , then
Proof. If τ is induced by a partition, then it is obvious that τ c = τ . Now suppose that τ c = τ .
Consider the minimal open sets
In the case where τ is induced by a partition, its open polynomial is given explicitly Theorem 2.7. Let τ be a topology induced by the partition π of type (α 1 , α 2 , . . . , α l ), then
Proof. The base of the topology contains α i subset of cardinality i. So, it follows that the number of open sets of cardinality j is indeed the possible combinations of all the different unions of the members of the base, this is also the coefficient of the polynomial in the right side of the previous formula.
For example, the open polynomial associated with the topology induced by the partition π = ({a, b}, {c, d}, {e}) is P (x) = (x + 1)(x 2 + 1)
, while the polynomial associated with the partition π = ({a, b}, {c, d, e}) is P (x) = (x 2 + 1)(
In the last example, there are some missing coefficients. Let the open polynomial n j=0 u j x j , be associated with a topology induced by a partition, when have we u j = 0 for all 0 ≤ j ≤ n? It is obvious that α 1 must be ≥ 1. So, we will suppose this condition.
Theorem 2.8. Let τ be a topology induced by the partition π of type (α 1 (≥ 1), α 2 , . . . , α l ), then the coefficients of
are given by
The coefficient u m is = 0 if and only if, for every 1 ≤ j ≤ n−1, the equation x 1 +2x 2 +. . .+lx l = m has a solution (j 1 , j 2 , . . . , j l ) such that at least one term
Proof. The coefficient u j is obtained by an identification between the left and right expression.
Our last result in this section, gives the maximum cardinality of a topology lacking an open set of a prescribed cardinality.
Theorem 2.9. Let τ be a topology on X n . If τ has no open set with cardinality j, 1 ≤ j ≤ n − 1, the cardinality of this topology can not exceed 2 j−1 + 2
Proof. Let τ be a topology on X n , having no open set of cardinality j, 1 ≤ j ≤ n − 1. The topology τ will have at most j − 1 singletons. So, 2 j−1 open sets of cardinality ≤ j − 1. Now take all sets of cardinality ≥ j + 1, containing the set of cardinality j − 1. Their number is 2 n−j−1 . The total number of open sets of this topology is as claimed, 2 j−1 + 2 n−j−1 .
As a consequence we have the Unfortunately, even if the topology has a large number of open sets, this does not guarantee the unimodality!!! For example, consider the topology τ on X n τ = P(X n−2 ) {{x 1 , x 2 , . . . , x n−2 , x n−1 }, {x 1 , x 2 , . . . , x n−2 , x n }, X n } We have |τ | = 2 n−2 + 3, and its open polynomial is
is not unimodal.
In conclusion of this section, we list some cases where the coefficients of the polynomial 3) If τ is a topology such that |τ | ≥ 2 n−2 + 2.
4) It is easy to see that if the topology τ is T 0 and |τ | = n + 1, or n + 2, then the sequence is unimodal. Since in this case, we have either a chain or a topology with the diagram as above. Finally, note that if the |τ | ≤ n, then the polynomial can not be unimodal, there is at least 0 < j 0 < n, such that u j 0 = 0.
A Class of unimodal open polynomials
Intuitively, the open set polynomial will be unimodal, if the topology has a large number of open sets (so, a large number of open sets which are singletons, this means that the topology looks like the discrete one). In this section, we will determine explicitly the open set polynomials of a class of topologies having a large number of open sets (τ such that |τ | ≥ 6 · 2 n−4 and another class of topologies τ such that |τ | ≥ 5 · 2 n−4 ). We will also examine the unimodality of these polynomials.
Convention
The symbol X k will designate any finite set of cardinality k. If we consider a subset of X n of cardinality k ≤ n − 1, the elements of X n \ X k will be designated by a, b, c, ..., or y 1 , y 2 , ... if the set is large, those of X k are denoted by x 1 , x 2 , x 3 , ... Consider the set τ (n, k) of the topologies having k open sets. In order to compute its cardinality, Kolli [7] divided this set into two disjoint sets:
For τ ∈ τ 1 (n, k) and k ≥ 5.2 n−4 , all open set polynomials are given in the following theorem.
Then the open polynomial of τ is one of the three
Proof. If τ ∈ τ 1 (n, k) and k ≥ 5 · 2 n−4 , then τ is necessarily one of the three kind of the following topologies (see [7] ):
1) The cotopology of τ = P(X n−1 ) {X n }, whose open polynomial is (x + 1) n−1 + x n .
2) The cotopology of τ = P(X n−2 ) {{a, x}, X n }, its open polynomial is
3
Note that if the open polynomial of the topology τ is
the open polynomial of τ c . Furthermore, the wanted polynomials are just the reciprocal of these last ones:
and
Corollary 3.2. The polynomials P 1 , P 2 P 3 are unimodal for every n ≥ 3, but not log-concave.
The remaining of this section is devoted to the determination of the polynomials of the topologies in the set τ 2 (n, k) and k ≥ 6 · 2 n−4 . Kolli [7] 
Or τ = P(X n−3 ) {φ, {a, b}, {a, b, c}} (the disjoint union topology) and its open polynomial is given by
The polynomialsP 1 , P 2 are log-concave.
If the minimal open sets of τ are all singletons, then all the open polynomials associated with these topologies are given by
These polynomials are unimodal for all 1 ≤ l ≤ n − 1.
Proof. This topology see [7] is such that |τ | = 2 n−1 or 6 · 2 n−4 . In the first case, it is induced by a partition, whose blocks are all singletons, but one have cardinality two. So, its open polynomial is
In the second case, τ is the disjoint union of the discrete topology on (n − 3) elements and the chain topology {φ, {a, b}, {a, b, c}}. The open polynomial is then
Now, since P 1 , P 2 are product of two log-concave polynomials, it follows that they are log-concave too. In the case where the topology has (n − 1) singletons {x j }, 1 ≤ j ≤ n − 1, as minimal open sets, only one element of X n is not open, a = x n , say. Any topology having (n − 1) singletons as minimal open sets, is obtained by adjoining a subset of the form {x 1 , x 2 , ..., x l , a}, 1 ≤ l ≤ n − 1. Its cardinality is 2 n−1 + 2 n−l−1 , 1 ≤ l ≤ n − 1. The number of open sets of cardinality i is
and then the open set polynomials are as stated. Also, These polynomials are unimodal for all 1 ≤ l ≤ n − 1, because
These polynomials are unimodal, since they are the convolution product of a log-concave and a unimodal sequence. Now, we consider the open set polynomials of topologies, in the same range as above (|τ | ≥ 6 · 2 n−4 ) with (n − 2) minimal open sets, all of them are singletons. The idea is the same, since all the minimal open sets are singletons, we form these topologies by adjoining suitable subsets, to the discrete topology on X i , to obtain the desired topologies in the range ≥ 6 · 2 n−4 . So many cases are to be considered. Theorem 3.4. If τ is a topology obtained from (n − 2) singletons as minimal open sets, and the adjoining of {a, x} and A j = {a, b, x, x 1 , x 2 , . . . , x j }, 0 ≤ j ≤ n − 3, then |τ | = 6 · 2 n−4 + 2 n−3−j , 1 ≤ j ≤ n − 3. and the open polynomials associated with these topologies are given by
Proof. This is case (a) in page 5 of [7] . The the adjoining of {a, x} contributes 2 n−3 open sets, while the adjoining of A j = {a, b, x, x 1 , x 2 , . . . , x j }, 0 ≤ j ≤ n − 3, add 2 n−j−3 open sets to the topology P(X n−2 ), so the open set polynomials of these topologies are
Theorem 3.5. If τ is a topology obtained from (n − 2) singletons as minimal open sets, with the adjoining of {a, x 1 , x 2 } and {a, b, x 1 , x 2 } then the open set polynomial associated with this topology is
Proof. This is case (b) in page 5 of [7] . The adjoining of the open sets {a, x 1 , x 2 } and {a, b, x 1 , x 2 } contributes, each one, with 2 n−4 open sets. The wanted polynomial is polynomials
This topology is obtained as a disjoint union of P(X n−4 ) and the topology having the diagram below.
• , and the open polynomial of this topology is given by
Proof. If we adjoin the two open sets {a, x 1 }, {b, x 1 } to the discrete topology P(X n−2 ), we obtain a topology of 10.2 n−4 open sets, its open polynomial is
Here too, this topology is the disjoint union of P(X n−3 ) and the topology τ ′ = {φ, a, b, ab, X 3 } on the set X 3 depicted below.
•
In the following result, we give the open set polynomials, when adjoining relatively large open sets.
Theorem 3.7. If τ is a topology obtained from (n−2) singletons as minimal open sets, by adjoining of {a, x}, and {b, x, x 1 , x 2 , . . . , x j }, 1 ≤ j ≤ n − 3 Then |τ | = 6 · 2 n−4 + 2 n−2−j , 1 ≤ j ≤ n − 3, and the open polynomial of this topology is given by
Proof. The adjoining of the open sets {a, x} contributes By the same, the contribution of the open set {b, x, x 1 , x 2 
Theorem 3.8. If τ is a topology obtained from (n−2) singletons as minimal open sets, by adjoining {a, x 1 }, and {b, x 2 }, then |τ | = 9 · 2 n−4 . The open polynomial of this topology is given by
Proof. The adjoining of the open sets {a, x 1 } contributes n−3 j , 0 ≤ j ≤ n − 3 open sets of cardinality j. This is the same for the open set {b, x 2 }. Another contribution comes from their union {a, b, x 1 , x 2 }, it is n−4 j+4 , 0 ≤ j ≤ n − 4. So, the wanted polynomial is P j (x) = (x + 1)
Theorem 3.9. If τ is a topology obtained from (n−2) singletons as minimal open sets, by adjoining of {a, x}, and {b,
and the open set polynomials of these topologies are
Proof. The adjoining of the open sets {a, x} contributes by
In the following result, each adjoined set contributes the same numbers of open sets 
Proof , and its open polynomial is
Proof. The adjoining of the open sets {a, x 1 , x 2 } contributes 2 n−4 open sets, and {b, x 1 , x 2 , x 3 }, contributes by 2 n−5 to the topology. Their union {a, b, x 1 , x 2 , x 3 } gives raise to 2 n−5 . So, the open polynomial is as stated above. 
Proof. The adjoining of the open sets {a, x 1 , x 2 } and {b, x 3 , x 4 }, contributes 2 n−4 open sets each one to the topology. Their union {a, b, x 1 , x 2 , x 3 , x 4 } gives raise to 2 n−6 . Furthermore, the polynomial is P (x) = (x + 1) n−2 + 2x
The open polynomials of the topologies with (n − 3) and (n − 4) and in general n − i minimal open sets, and cardinality ≥ 6·2 n−4 , are investigated in the following theorems. The case (n−3) has more than 10 cases. We give the open set polynomial according to the cardinality of the topology τ .
Theorem 3.14. If τ is a topology having (n − 3) singletons as minimal open sets and |τ | = 6 · 2 n−4 , then τ is one of the following : 1) Adjunction of the sets {a, x 1 } and {a, b, x 1 } and {a, c, x 1 } to P(X n−3 ). Its open polynomial is then
2) Adjunction of the sets {a, x 1 }, {b, x 2 } and {a, c, x 1 } to P(X n−3 ). Its polynomial is
3)Adjunction of the sets {a, x 1 }, {b, x 1 } and {a, b, c, x 1 }, we obtain the open polynomial
4) Adjunction of the 3 sets {a, x 1 }, {b, x 1 } and {a, c, x 1 , x 2 }, yields the polynomial
5) The adjunction of {a, x 1 } and {b, x 2 } and {c, x 1 , x 3 }, gives the polynomial
6) The sets {a, x 1 }, {b, x 1 } and {c, x 1 , x 2 , x 3 } adjoined to P(X n−3 ) give a topology with open polynomial
Proof. We prove just the first case, the others are similar. The adjoining of {a, x 1 } gives 2 n−4 open sets. The sets {a, b, x 1 } and {a, c, x 1 } each one, also gives 2 n−4 open sets. We obtain the open polynomial of the topology
The case where the topology has |τ | = 7 · 2 n−4 open sets is given in this result Theorem 3.15. If τ is a topology having (n−3) singletons as minimal open sets, and |τ | = 7·2 n−4 , then τ comes either by 1) Adjoining the sets {a, x 1 }, {b, x 1 } and {a, c, x 1 } to P(X n−3 ) in this case its open set polynomial is
2)
Adjoining the open sets {a, x 1 }, {b, x 1 } and {c, x 1 , x 2 }, and then
Proof 
The remaining cases of the topologies with (n − 3) open sets as singletons, are gathered in this theorem. 
By adjoining the open sets of the sets {a, x 1 }, {b, x 1 } and {c, x 2 }, then |τ | = 15 · 2 n−5 and
3) By the adjunction of the sets {a, x 1 }, {b, x 2 } and {c, x 3 }, |τ | = 27 · 2 n−6 with open polynomial
4)
By the adjunction of the sets {a, x 1 }, {b, x 2 } and {c, x 1 , x 2 }, we obtain |τ | = 13 · 2 n−5 and
5)
By the adjoining of {a, x 1 }, {b, x 1 } and {c, x 2 , x 3 }, we obtain a topology with |τ | = 25 · 2 n−6 with open polynomial
Proof. Here too, just the first case suffices, the other proofs are similar. The adjoining of each of the three open sets {y, x 1 }, y = a, b, c contributes 2 n−4 open sets to the topology. Their unions three times 2 n−4 . So, the cardinality of the topology is 9 · 2 n−4 , and its polynomial is
In what follows, we give the open polynomials of the topologies having (n − 4) singletons as minimal open sets. We have in all five cases, i.e; these topologies are obtained by adjoining some open sets to the discrete topology on (n − 4) elements. 2) Or {a, x 1 }, {b, x 1 }, {c, x 1 }, {d, x 2 }, in this case P 2 (x) = x 3 (x + 1) n−3 + x(x + 1) n−2 + (1 + x + x 2 )(x + 1) n−6 , and |τ | = 27 · 2 n−6 .
3) Or {a, x 1 }, {b, x 1 }, {c, x 1 }, {d, x 1 , x 2 }, in this case P 3 (x) = x 3 (x + 1) n−3 + x(x + 1) n−2 + (x + 1) n−5 , and |τ | = 13 · 2 n−5 .
4)
Or {a, x 1 }, {b, x 1 }, {c, x 2 }, {d, x 2 }, in this case P 4 (x) = x 2 (x + 1) n−2 + x 2 (x + 1) n−5 + (1 + 2x + 3x 2 + x 3 )(x + 1) n−6 , and |τ | = 25 · 2 n−6 .
5)
Or {a, x 1 }, {b, x 1 }, {c, x 1 }, {d, x 1 , x 2 }, in this case The other cases are treated similarly.
As a final result, we state Theorem 3.19. If τ is a topology on the set X n , such that |τ | ≥ 6 · 2 n−4 , then its open set polynomial is unimodal.
